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1. Introduction
LetGbeasimplegraphwithvertexsetV(G)andedgesetE(G),wheren = |V(G)|. Letλ1, λ2, . . . , λn
be the eigenvalues of (the adjacency matrix of) G [2]. The Estrada index of a graph G is defined
as [8,15]
EE(G) =
n∑
i=1
eλi .
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The Estrada index has been successfully employed in a large variety of problems, such as molecular
structure folding [8], extendedatomicbranching [13], protein folding [9,10], andcomplexnetworks [11,
12]. The study of the mathematical properties of the Estrada index began in [15], where some bounds
for the Estrada index were given in terms of the numbers of vertices and edges. More mathematical
properties on Estrada index were reported in [3–7,16–19] and a survey [14].
A cut vertex of a graph is a vertexwhose removal increases the number of components of the graph.
A vertex cut of a graph is a set of vertices whose removal disconnects the graph. The connectivity
of a (non-complete) graph G is defined as
κ(G) = min{|V∗| : V∗ is a vertex cut of G}.
A complete graph with n vertices, denoted by Kn, has no vertex cuts at all, but by convention κ(Kn) =
n − 1.
An edge cut of a graph is a set of edgeswhose removal disconnects the graph. The edge connectivity
of a nontrivial graph G is defined as
κ ′(G) = min{|E∗| : E∗ is an edge cut of G}.
Obviously, if G is a nontrivial graph, then κ(G) = 0 (κ ′(G) = 0, respectively) if and only if G is
disconnected.
Recently, the unique graph with maximum Estrada index among connected graphs with given
numbers of vertices and cut edges was characterized in [6]. In this paper, we determine the unique
graphs with maximum Estrada indices among graphs with given number of cut vertices, connectivity,
and edge connectivity, respectively.
2. Preliminaries
Denote by Mk(G) the k-th spectral moment of a graph G, i.e., Mk(G) = ∑ni=1 λki . It is well-known
[2] thatMk(G) is equal to the number of closed walks of length k in G. Then
EE(G) =
n∑
i=1
∞∑
k=0
λki
k! =
∞∑
k=0
Mk(G)
k! . (1)
For graphs G1 and G2, ifMk(G1) ≤ Mk(G2) for all positive integers k, then by Eq. (1), we have EE(G1) ≤
EE(G2) with equality if and only ifMk(G1) = Mk(G2) for all positive integers k.
Let k be a positive integer. For u, v ∈ V(G), letWk(G; u, v) be the set of (u, v)-walks of length k in
G, and letMk(G; u, v) = |Wk(G; u, v)|. For convenience, letWk(G; u) = Wk(G; u, u) andMk(G; u) =
Mk(G; u, u).
For graphs G1 and G2 with u1, v1 ∈ V(G1) and u2, v2 ∈ V(G2), ifMk(G1; u1, v1) ≤ Mk(G2; u2, v2)
for all positive integers k, then we write (G1; u1, v1)  (G2; u2, v2), and if (G1; u1, v1)  (G2; u2, v2)
and there is a positive integer k0 such thatMk0(G1; u1, v1)<Mk0(G2; u2, v2), thenwewrite (G1; u1, v1)≺ (G2; u2, v2). For convenience, we write (G1; u1)  (G2; u2) for (G1; u1, u1)  (G2; u2, u2), and
(G1; u1) ≺ (G2; u2) for (G1; u1, u1) ≺ (G2; u2, u2).
For an edge subsetM of the graphG,G−M denotes the graph obtained fromG by deleting the edges
inM, and for an edge subsetM∗ of the complement of G, G + M∗ denotes the graph obtained from G
by adding the edges in M∗. For a vertex subset N of the graph G, G − N denotes the graph obtained
from G by deleting the vertices in N and the incident edges.
Lemma 2.1 [4]. Let G be a graph with u, v ∈ V(G). Suppose that wi ∈ V(G), and uwi, vwi 	∈ E(G)
for i = 1, 2, . . . , t. Consider Gu = G + Eu and Gv = G + Ev, where Eu = {uw1, uw2, . . . , uwt} and
Ev = {vw1, vw2, . . . , vwt}. If (G; u) ≺ (G; v) and (G;wi, u)  (G;wi, v) for i = 1, 2, . . . , t, then
EE(Gu) < EE(Gv).
Let Pn be the path on n vertices.
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3. Maximum Estrada index with given number of cut vertices
For distinct vertices u, v ∈ V(G), let Wk(G; u, [v]) be the set of (u, u)-walks of length k in G
containing vertex v, and letMk(G; u, [v]) = |Wk(G; u, [v])|.
For vertex-disjoint connected graphs G and H with u ∈ V(G) and x0 ∈ V(H), and for integer
a ≥ 1, let GuH(a) be the graph obtained from G and H by identifying u and x0, and adding a path
Pa = y0y1 . . . ya−1 with y0 = u, see Fig. 1. Denote by u the unique common vertex of G, H and Pa in
GuH(a).
Lemma 3.1. Let s ≥ 2 be an integer. If H contains a path Qs+1 = x0x1 . . . xs, then for G′ = GuH(s), we
have
(i) (G′; y1) ≺ (G′; x1);
(ii) (G′; z, y1)  (G′; z, x1) for z ∈ V(G) \ {u}.
Proof. Let k be a positive integer.
(i) Note that
Mk(G
′; y1) = Mk(Ps − {y0}; y1) + Mk(G′; y1, [u])
and
Mk(G
′; x1) = Mk(H − {x0}; x1) + Mk(G′; x1, [u]).
Obviously, Ps − {y0} ∼= Ps−1, Qs+1 − {x0} ∼= Ps and Qs+1 is a subgraph of H. Then (Ps − {y0}; y1) ≺
(Qs+1 − {x0}; x1)  (H − {x0}; x1), implying that (Ps − {y0}; y1) ≺ (H − {x0}; x1). Thus we need
only to show thatMk(G
′; y1, [u]) ≤ Mk(G′; x1, [u]).
We construct amapping f fromWk(G′; y1, [u]) toWk(G′; x1, [u]). ForW ∈ Wk(G′; y1, [u]), wemay
uniquely decomposeW into three sections, sayW1W2W3, whereW1 is the shortest (y1, u)-section of
W (for which the internal vertices, if exist, are only possible to be y1, y2, . . . , ys−1),W2 is the longest
(u, u)-section of W (which may be empty), and W3 is the remaining (u, y1)-section of W (for which
the internal vertices, if exist, are only possible to be y1, y2, . . . , ys−1). Let f (W) = f (W1)f (W2)f (W3),
where f (W1) is an (x1, u)-walk obtained from W1 by replacing yi by xi for i = 1, 2, . . . , s − 1,
f (W2) = W2, and f (W3) is a (u, x1)-walk obtained fromW3 by replacing yi by xi for i = 1, 2, . . . , s−1.
Obviously, f (W) ∈ Wk(G′; x1, [u]) and f is an injection. ThusMk(G′; y1, [u]) ≤ Mk(G′; x1, [u]).
(ii) Let z ∈ V(G) \ {u}. We construct a mapping h from Wk(G′; z, y1) to Wk(G′; z, x1). For W ∈
Wk(G′; z, y1), we may uniquely decomposeW into two sections, sayW1W2, whereW1 is the longest
(z, u)-section of W , and W2 is the remaining (u, y1)-section of W (for which the internal vertices, if
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Fig. 1. The graph GuH(a).
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Fig. 2. The graph Gu,vH(a).
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Fig. 3. The graphs G5,r with r = 0, 1, 2, 3.
exist, are only possible to be y1, y2, . . . , ys−1). Let h(W) = h(W1)h(W2), where h(W1) = W1, and
h(W2) is a (u, x1)-walk obtained from W2 by replacing yi by xi for i = 1, 2, . . . , s − 1. Obviously,
h(W) ∈ Wk(G′; z, x1) and h is an injection. ThusMk(G′; z, y1) ≤ Mk(G′; z, x1). 
For vertex-disjoint connected graphs G and H with uv ∈ E(G) and x0 ∈ V(H), and for integer
a ≥ 1, let Gu,vH(a) be the graph obtained from G and H by identifying u and x0, and adding a path
Pa = z0z1 . . . za−1 with z0 = v, see Fig. 2. Denote by u the unique common vertex of G and H, and v
the unique common vertex of G and Pa in Gu,vH(a).
Lemma 3.2. Suppose that w1,w2, . . . ,wt are the neighbors of v in G different from u. For integer s ≥ 1,
if H contains a path Qs+2 = x0x1 . . . xs+1, then EE(Gu,vH(s)) < EE(G′), where
G′ = Gu,vH(s) − {vw1, vw2, . . . , vwt} + {x1w1, x1w2, . . . , x1wt}.
Proof. Let G∗ = G − {v}. By Lemma 3.1, (G∗uH(s + 1); y1) ≺ (G∗uH(s + 1); x1), and (G∗uH(s +
1);wi, y1)  (G∗uH(s + 1);wi, x1) for i = 1, 2, . . . , t. Let Ez = {zw1, zw2, . . . , zwt} for z = x1, y1.
Note that G∗uH(s + 1) ∼= Gu,vH(s) − {vw1, vw2, . . . , vwt}. Thus Gu,vH(s) ∼= G∗uH(s + 1) + Ey1 and
G′ ∼= G∗uH(s + 1) + Ex1 . Then the result follows from Lemma 2.1. 
Remark 3.1. The graphs Gu,vH(s) and G
′ in Lemma 3.2 possess the same number of cut vertices if
s ≥ 2, or s = 1 and v is not a cut vertex of Gu,vH(s).
For 0 ≤ r ≤ n − 2, let Gn,r be the graph containing Kn−r such that the deletion of the edges of
Kn−r results in n− r vertex-disjoint paths of almost equal orders (numbers of vertices), i.e., the orders
n1, n2, . . . , nn−r of theses paths satisfy |ni − nj| ≤ 1 for 1 ≤ i, j ≤ n − r. For example, the graphs
G5,r with r = 0, 1, 2, 3 are shown in Fig. 3.
A block of a connected graph is defined to be a maximal subgraph without cut vertices.
A pendent path at v in a graph G is a path in which no vertex other than v is incident with any edge
of G outside the path, where the degree of v is at least three. In particular, we require that a vertex v is
a pendent path at v of length zero in G only when v is neither a pendent vertex nor a cut vertex of G.
Theorem 3.1. Among n-vertex graphs with r cut vertices with 0 ≤ r ≤ n − 2, Gn,r is the unique graph
with maximum Estrada index.
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Proof. Let G be a graph with maximum Estrada index among n-vertex graphs with r cut vertices. If
r = 0, then by Eq. (1), G ∼= Kn ∼= Gn,0. Suppose in the following that 1 ≤ r ≤ n − 2.
Suppose that G is disconnected. Let z be a cut vertex of G. Then z is also a cut vertex of a component,
say G1, of G. Let G2 be a component of G different from G1. If there is a cut vertex, say z
′, in G2, then
G+ {zz′} possesses r cut vertices, and by Eq. (1), EE(G) < EE(G+ {zz′}), a contradiction. If there is no
cut vertex in G2, then the graph G
′ obtained from G by adding edges between z and all vertices of G2
possesses r cut vertices, and by Eq. (1), EE(G) < EE(G′), a contradiction again. Thus G is connected.
By Eq. (1), every block of G is complete, and every cut vertex of G is contained in exactly two blocks.
If every block of G has exactly two vertices, i.e., every block is a single edge, then G is a tree with
maximum degree two, i.e., G ∼= Pn ∼= Gn,n−2. Suppose in the following that there is at least one block
of G with at least three vertices.
Choose a pendent path, say Ps at v, with minimum length in G. Obviously, v lies in some block, say
B, of G with at least three vertices. Note that v is not a cut vertex of G if s = 1.
For x ∈ V(B), letH(x) be the component ofG−E(B) containing x. Obviously,H(v) ∼= Ps. Let u ∈ V(B)
with u 	= v. Let G∗ be the component of G − E(H(u)) ∪ E(Ps) containing u. Then G ∼= G∗u,vH(u)(s).
Suppose that H(u) is not a path. Then H(u) contains a block with at least three vertices. By the choice
of Ps, there is a pendent path on at least s vertices in H
(u). Thus H(u) contains a path on s + 2 vertices
with an end vertex u. By Lemma 3.2 and Remark 3.1, we may get another n-vertex graph with r cut
vertices, which has a larger Estrada index, a contradiction. Thus H(u) is a pendent path, say Pt at u.
Obviously, t ≥ s. If t ≥ s + 2, then by Lemma 3.2 and Remark 3.1, we may get another n-vertex graph
with r cut vertices, which has a larger Estrada index, a contradiction. It follows that H(u) ∼= Ps or Ps+1.
Thus G ∼= Gn,r . 
4. Maximum Estrada indices with given connectivity and edge connectivity
For graphs G and H, let G ∪ H be the vertex-disjoint union of G and H, and G ∨ H be the graph
obtained from G and H by adding all edges between vertices of G and vertices of H.
LetHn1,n2,n3 = (Kn1 ∪Kn2)∨Kn3 , where n1 ≥ n2 ≥ 1 and n3 ≥ 1. LetV(Kni) = {u(i)1 , u(i)2 , . . . , u(i)ni }
for i = 1, 2, 3.
Lemma 4.1. If n1 ≥ n2 ≥ 2 and n3 ≥ 1, then EE(Hn1,n2,n3) < EE(Hn1+n2−1,1,n3).
Proof. Consider G1 = Hn1,n2,n3 − {u(2)1 u(2)i : 2 ≤ i ≤ n2}.
First we show that (G1; u(2)1 ) ≺ (G1; u(1)1 ). Let k be a positive integer. For W ∈ Wk(G1; u(2)1 ), let
f (W) be the walk obtained fromW by replacing its first and last vertex u
(2)
1 by u
(1)
1 . Obviously, f (W) ∈
Wk(G1; u(1)1 ) and f is an injection, i.e.,Mk(G1; u(2)1 ) ≤ Mk(G1; u(1)1 ). Since n1 ≥ 2, u(1)1 in G1 possesses
more neighbors than u
(2)
1 , implying thatM2(G1; u(2)1 ) < M2(G1; u(1)1 ). Thus (G1; u(2)1 ) ≺ (G1; u(1)1 ).
Now we show that (G1; u(2)i , u(2)1 )  (G1; u(2)i , u(1)1 ) for 2 ≤ i ≤ n2. For W ∈ Wk(G1; u(2)i , u(2)1 ),
let h(W) be the walk obtained from W by replacing its last vertex u
(2)
1 by u
(1)
1 . Obviously, h(W) ∈
Wk(G1; u(2)i , u(1)1 ) and h is an injection. Thus Mk(G1; u(2)i , u(2)1 ) ≤ Mk(G1; u(2)i , u(1)1 ), implying that
(G1; u(2)i , u(2)1 )  (G1; u(2)i , u(1)1 ).
Note that Hn1,n2,n3 = G1 + {u(2)1 u(2)i : 2 ≤ i ≤ n2}. For G2 = G1 + {u(1)1 u(2)i : 2 ≤ i ≤ n2}, by
Lemma 2.1, EE(Hn1,n2,n3) < EE(G2). Since n1 ≥ 2, G2 is a proper subgraph of Hn1+n2−1,1,n3 , and then
by Eq. (1), EE(G2) < EE(Hn1+n2−1,1,n3). Thus EE(Hn1,n2,n3) < EE(Hn1+n2−1,1,n3). 
By Eq. (1), and noting that ea+b−2 − ea−1 > eb−1 − e0 (which follows from the Lagrange mean–
value theorem) for integers a and b with a ≥ b ≥ 2, we have that Kn−1 ∪ K1 is the unique n-vertex
disconnected graphwithmaximumEstrada index. Thus Kn−1∪K1 is the unique graphwithmaximum
Estrada index among n-vertex graphs with connectivity or edge connectivity 0. Note that an n-vertex
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graph has connectivity and edge connectivity at most n − 1 and that the complete graph Kn is the
unique n-vertex graph with connectivity or edge connectivity n − 1.
Theorem 4.1. Among n-vertex graphs with connectivity κ with 1 ≤ κ ≤ n−2, Hn−κ−1,1,κ is the unique
graph with maximum Estrada index.
Proof. Let G be an n-vertex graph with connectivity κ . Then there is a set of vertices S with |S| = κ
such that G− S consists of vertex-disjoint graphs G1 and G2, where |V(Gi)| = ni ≥ 1 for i = 1, 2, and
n1 + n2 = n − κ .
Assume that n1 ≥ n2. Note that κ(Hn−κ−1,1,κ ) = κ . By Eq. (1) and Lemma 4.1, we have
EE(G) ≤ EE(Hn1,n2,κ ) ≤ EE(Hn−κ−1,1,κ )
with equalities if and only if G ∼= Hn−κ−1,1,κ . 
Theorem 4.2. Among n-vertex graphs with edge connectivity κ ′ with 1 ≤ κ ′ ≤ n − 2, Hn−κ ′−1,1,κ ′ is
the unique graph with maximum Estrada index.
Proof. Let G be an n-vertex graph with connectivity κ and edge connectivity κ ′. It is well-known that
κ ≤ κ ′, see [1]. If κ = κ ′, then by Theorem 4.1, EE(G) ≤ EE(Hn−κ ′−1,1,κ ′) with equality if and only if
G ∼= Hn−κ ′−1,1,κ ′ . If κ < κ ′, then by Theorem 4.1 and Eq. (1),
EE(G) ≤ EE(Hn−κ−1,1,κ ) < EE(Hn−κ ′−1,1,κ ′).
The result follows. 
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